TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 349, Number 3, March 1997, Pages 1153-1167
S 0002-9947(97)01717-0

STRASSEN THEOREMS FOR A CLASS OF
ITERATED PROCESSES

ENDRE CSAKI, ANTONIA FOLDES, AND PAL REVESZ

ABSTRACT. A general direct Strassen theorem is proved for a class of stochastic
processes and applied for iterated processes such as W(L¢), where W(-) is a
standard Wiener process and L. is a local time of a Lévy process independent
from W(-).

1. INTRODUCTION

Since the landmark paper of Burdzy [3] on iterated Brownian motion (IBM) the
investigation of various IBM type processes became increasingly popular. To name
a few: Arcones [1], Khoshnevisan and Lewis [13, 14], Hu and Shi [11], Khoshnevisan
et al. [15], Shi [17, 18]. In [7] Cséki, Csorgd, Foldes and Révész proved a Strassen
type result for a class of iterated processes. In this paper some strongly related but
at the same time markedly different Strassen type results will be proved.

2. MAIN RESULTS

Let S be the Strassen class of functions, i.e., S C C|0, 1] is the class of absolutely
continuous functions (with respect to the Lebesgue measure) on [0, 1] for which

1
(2.1) F0)=0  and /O P (2)de < 1.

The set of R? valued, absolutely continuous functions
(2.2) {(9(y),h(x)), 0<y<1,0<z <1}
for which g(0) = h(0) =0 and

(2.3) /O g2(y)dy+/0 h%(x)dx < 1

will be called the Strassen class S?. In [7] the following Strassen-type theorem was
proved.

Let Cy[0,1] € C0,1] be the set of the continuous functions f(-) on [0, 1] for
which f(0) = 0. Let A be an operator on Cy|0, 1], satisfying
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(C.1) Acf = cPAf (p>1, c>0),
(C.2) Af >0,
(C:3) A € Col0, 1],
(C.4) A is uniformly continuous on bounded subsets of Cy[0,1], i.e., Ve > 0, K >
0, 36 = 6(e, K) > 0 such that if f,g € Cy[0,1], sup |f(z)| < K, sup |g(z)]
0<z<1 0<z<1
< K and sup |f(z) —g(x)| <6, then sup |Af(x)— Ag(z)| <e,
0<x<1 0<z<1
(C.5) supAf(z) = A4, x) = X\ 0< A <1.

fes

Theorem A ([7]). Let Wi(-) and Wa(-) be two independent standard Wiener pro-
cesses starting from zero, and A be an operator satisfying conditions (C.1)—(C.5).
Then for 0 <x <1, 0<y <1, the limit set of the vector

o (TR UG R Y,
' Tr/4(2loglog T')(p+2)/47 (2T log log T')1/2
is (g(yAh(z)), h(x)), where (g,h) € S

Remark 2.1. We will call this a composite (see Remark 2.2) type Strassen theorem,
because of the composite structure of g(yAh(z)).

A result having this composite feature for processes of W(L(t)), where L(-) is
the local time of a (not necessarily symmetric) Lévy process was claimed in Khosh-
nevisan [12]. For other composite type Strassen theorem for iterated processes see
also Arcones [1] and Hu et al. [10].

The main source of inspiration of this work is a result of Marcus and Rosen
[16] combined with a recent paper of Bertoin [2]. The following direct (as opposed
to composite, see Remark 2.2) Strassen theorem was proved in [16]. Let Z =
{Z(t), t € R"} be a symmetric Lévy process and set

(2.5) E(eM W) = exp(—tip(N)).
Assume
boaa
(21ﬂ o ZXXS =
and
* log(l+ A) ~
2.7) /O T <

Under these conditions the Lévy process Z(t) is recurrent and possesses local times
{L{, (t,y) € BT x R}.
Moreover, define, for a > 0,
< dA
2.8 k(o) = / —_—
(2 W= e
Let A C C[0,1] denote the set of functions f(z), 0 <z <1, f(0)=0 and

absolutely continuous with respect to the Lebesgue measure.
Define

(2.9) DY = {f: fe A, /O f(2)] d < 1}.

(Observe that D) is a generalization of the usual Strassen class as D) = S.)
Denote by Dg\}) the class of nondecreasing functions of D).
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Theorem B ([16]). Let Z be a symmetric Lévy process satisfying (2.5)—(2.7), and
for which 1 is regularly varying at zero with index 1 < 8 < 2. Then the set of
functions

_ LY,
(240 M) = Bt log ey 0=
where
(2.11) v(3) = g/PpYP
and
1 1
(2.12) B + E =1

is relatively compact in C[0,1] and the set of its limit points is D

5\5) almost surely.

In an elegant paper Bertoin [2] points out that the inverse process of the maxi-
mum of the iterated Brownian motion is a stable subordinator with index 1/4. On
the other hand the above-mentioned theorem of Marcus and Rosen, combined with
the fact (see Dellacherie and Meyer [9, p. 275]) that the inverse local time process
of a stable process with index « is also a stable process with index 1 — 1/, tells us
that if Z(t) is stable with index 4/3 then its local time has an inverse process which
is a stable subordinator with index 1/4. Combining this observation and Bertoin’s
result, it suggests that the Strassen class of the supremum of IBM and the Strassen
class of the local time of a stable process of index 4/3 should be the same. However
the two Strassen type theorems quoted above do not yield this conjecture. Our
first result shows that the above argument is correct, the composite and the di-
rect Strassen theorems are equivalent, subject to a natural condition, namely the
monotonicity of the inner process.

Theorem 2.1. Let W1 and Wy be two independent standard Wiener processes.
Consider

_ Wi(maxo<s<ar Wa(s))
(2.13) uy(@) = 25/43-3/4¢1/4(log log t)3/4’ fsost
Then the set of functions {ui(-) : 1 <t < oo} is relatively compact in C[0,1] and
the set of its limit points as t — oo is DW/3) q.s.

Clearly Theorem 2.1 states that for the operator Af(z) = max f(y) the com-
Yysx

posite Strassen class of Theorem A and the direct Strassen class of Theorem 2.1
are equivalent. However we can’t expect a direct Strassen class for all the op-
erators satisfying Theorem A. To see this observe that for instance the operator
Af(x) = |f(x)] is not monotone, and we will show in Example 1 that there is no
direct Strassen class for Wy (|[Wa(+)|).

However it is easy to see that the Strassen class of [max W (s) and that of
<s<Lz

Jnax |[W(s)| are identical, both being ’Dﬁ)(z Sum). This fact and Lemma 2.1
implies that Theorem 2.1 remains true if Wy (s) is replaced by |[Wa(s)|.

Applying the well-known result of P. Lévy

(2.14) {Ly(t), t>0} 2 { max Wa(s), ¢ > 0} ,

0<s<

where La(+) is the local time at zero of Wa(+), we can rephrase Theorem 2.1 as
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Theorem 2.2. Let Wy be a standard Wiener process and let Lo be the local time
at zero of another Wiener process Wo independent from Wy. Consider

— Wi (La(xt))
- 25/43-3/4¢1/4(log log t)3/4” Osz=l

Then the set of functions {s,(-) : 1 <t < oo} is relatively compact in C[0,1] and
the set of its limit points as t — oo is DW/3) a.s.

(2.15) st(x)

Corollary 2.1. Let {X,} be a sequence of i.i.d. integer valued random variables
such that Ee™ = 1 if and only if t is an integer multiple of 2w. Assume that
E|X1|]? <00 and EX1 = 0. Let p(z) be a real valued function on integers such that

Z |21+ |p(z)| < 0o for some & > 0.
Set S, = X1+ ... + X, and

n
ol/2

A, = e ZP(Si%
im1

where

0? = EX?,

1 " = ivx 1+E(eivX1>
d? Y pl@)er?

- e )y
o | . 1— E(enx)*”

T=—00

and let p=3"___p(z) and &(n) = #{i: 1 <i<n, S; =0},
Consider

(2.16) fulz) = 95/43-3/4n1/4(log log )3/4”

Then the set of functions {fn(-) : 1 < n < 0o} is relatively compact in C[0,1] and

the set of its limit points as n — oo is D*/3) q.s.

0<x<1.

Corollary 2.2. Let B be a standard Wiener process and let £ be its local time at
zero. Assume that p(x) is an integrable function on R such that

/ 2|8 p(x)| dx < oo for some & > 0.

Let
p= /_ plx) de,
0 T 00 00
0—2:4/_ (/_ p(y)dy)2+4/0 (/ ply) dy)* da,
A = [ op()as
and
(2.17) fi(2) Alwt) — pixt) <z<1

B 25/43=3/4g11/4(log log t)3/4’ 0=
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Then the set of functions {fi(-) : 1 <t < oo} is relatively compact in C[0,1] and
the set of its limit points as t — oo is DA/3) a.s.

Corollary 2.3. Let B be a standard Wiener process and let £(z,t) be its local time.
Put

o Uz, xt) — £(0, zt)
(2.18) felz) = 29/43=3/4|(1/241/4(log log t)3/4"

Then for fized z the set {fi(-) : 1 <t < oo} is relatively compact in C[0,1] and its
set of limit points as t — oo is DA/3) a.s.

The proof of Theorem 2.1 is based on the following lemma, which is interesting
for its own sake as well. Put

(2.19) {f fea / () 2808 g < 2 38/(1+8) }
1406
and
GW ={f: f=goh, g,h €A, hisnondecreasing
(2.20)

1
and [ (g(a)? + o)) do < 1),
0
Observe that h(0) = 0 and Lemma C (see Section 3) implies that h(1) < 1.

Remark 2.2. Strassen classes described in terms of one function and D) (or F(#)
are called direct, and Strassen classes described in terms of a pair of functions, their
composition (see G¥) | or Theorem A) are called composite.

The next lemma reveals an interesting connection between direct and composite
Strassen classes.

Lemma 2.1. For 8 > 1, the classes FB and GO are identical.

Remark 2.3. We will show in an example that the monotonicity of h(-) is essential
in the lemma.

Theorem 2.2 suggests that we might try to prove a direct Strassen theorem for
the process Wi (La(t)) where Lo (t) is the local time process of a Lévy process inde-
pendent from Wi (-). In what follows we will go one step further in generalization
and formulate a direct Strassen theorem for a class of stochastic processes satisfy-
ing two conditions. The first condition requires that the ordinary LIL should hold
for certain linear combinations and the second condition controls the increment
behaviour of the process.

Theorem 2.3. Let {X(t),t > 0} be a stochastic process with continuous sample
paths and the following two properties

Property 1.

i D X (i) - X((-1)0)
(2.21) h?i,s;jp @ =1 as,
(2.22) lim inf Eicr (X (@) — X((i ~ 1)t) =—1 as.,

t—oc0 x(t)
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with some x(t) /" oo provided that Zle leilf=1,¢>1,d=1,2,...
Property 2. For0<c<1

X(t - X(t
(2.23) limsup  sup sup [ X(E+5) ®

<A=A(c) as.
T—oo 0<t<T—cT 0<s<cT x(T

where lim\ o A(c) = 0.

Let
() = X (xt) .
Then the set
(2.25) {m(z), 0<x<1} (t— o)

is relatively compact in C[0, 1] and its set of limit points is D®) almost surely, where

1/p+1/q=1.

As an application of Theorem 2.3 we prove the following generalization of our

Theorem 2.2

Theorem 2.4. Consider a symmetric Lévy process {Z(t), t € R} for which the
conditions of Theorem B hold. Denote its local time process at zero by Ly. Let
Y (t) = W(L:) where W(-) is a standard Wiener process, independent from Z(-)

(and hence also from L_). The set of functions

with
1/2
(2.27) G(t) = Kgloglogt (/4: <logiogt>) ,
/
(2.28) Ky = 2775

(3 + 1)(B+D/@B) (5 — 1)(B-D/(2P)

is relatively compact in C[0,1] and the set of its limit points as t — oo is D(f;_fl)

almost surely.

Remark 2.4. The process W (L;) appears as the limit process of additive functionals

(see Khoshnevisan [12]).
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3. PrROOFS OF THEOREMS 2.1-2.3

Proof of Lemma 2.1. First assume that f = goh € G¥. Then obviously f € A.
Moreover, by Holder’s inequality,

/|f )|28/¢ 1+5)dw—/ (9(h(z))h(2)[22/O+5) dg

‘/ (lar@P 0 () ”6’) ()[04
0

- </01 @) h) >ﬁ/ 1+8) </ o |5dx)1/(1+ﬁ)

1/(1+8)

1 B8/(1+8)
< (/ |g'(u)|2du) (/ |h(z |ﬁdx) — AB/(148) g1/(148)
0

It is easy to see that under the condition A+ B < 1, we have max A%/ (1+8) p1/(1+5)
= BP0+ /(1 + B), ie. feFB.
Now assume that f € F#) Define

1 o
) = Sy | /0 du

[ f(RHw)) for 0<u<h(1),
) = { £(1) for (1) <<l

Observe that h(1) < (1 + 8)~%/# < 1. Indeed, by Jensen’s inequality,

oy L 1/8
1) :/0 If(x)|2/(1+ﬁ) dz < (/O |f(x)|25/(1+ﬁ) dx) < 61/(1+g)(1 +ﬁ)‘1/5,

since # > 1. Then

/|g |2du+/ |h(x |ﬁda;—/ lg(h dx+/ \h(x)|? da

1 1
:gl/(1+ﬁ)/ () [28/0+9) dw+5—6/(1+ﬁ)/ |f(2)[28/0+8) dg
0 0

(38/(1+5)
1+
Hence f € G and Lemma 2.1 is proved. O

< (BY/O+8) 4 g=B/0+8)) 1

Remark 3.1. If h(-) is not restricted to the class of nondecreasing functions, then
FB) and GP) are no longer equivalent.

To see this consider the following example.

Example 1. Let § = 2 and consider forn =1,2, ...

\/_nu/2 if 0<wu<1/n?
gn () = { V3/(2n) if  w>1/n?

[ w2 if  0<u<1/(2n%),
) = { 1/(2n%) —u/2 if  1/(20°) <u < 1/n?
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ha <u+ %) = ha(w).

It is easy to see that for these g,(-), and h,(:), the integral in (2.19) — oo, as
n — oo, while the integral in (2.20) is always 1.

To see that there is no direct Strassen class for the process Wy (|Wa(+)|), observe
that the above sequence of functions (g, hn) € 82, but for their composition f, =

gn(hn(+)) we have | fn(z)| = @n, $0 [ |fu(x)|*dz — oo with any choice of a > 0.
Proof of Theorem 2.1. It was proved in [7] that Theorem A holds for Af = max f,
which amounts to saying that the limit set of

U*($) o W1 (maXOSSSIt WQ(S))
T 11/4(21oglog t)3/4

0<z<1,

is G(). Applying our Lemma 2.1 we get Theorem 2.1.

Proof of Corollaries 2.1 and 2.2. These follow from the strong approximation re-
sults of [6]. O

Proof of Corollary 2.3. This follows from the strong approximation theorem proved
in [5]. |
For the proof of Theorem 2.3 we will use the following well-known result.

Theorem C (Riesz and Sz. Nagy [19, p. 75]). Let f be a real valued function on
[0,1]. The following two conditions are equivalent:

(i) f is absolutely continuous and fol |f(z)[Pdz < 1
(i) f is continuous on [0,1] and >_, (f(l‘)z/fﬁd))
1,2, ...

Py
=<1 foranyr =

T

Now we prove two lemmas.

Lemma 3.1. Denote the set of the limit points of the vectors
X(t) X(2t)—X(¢t)
(x(t) X )

defined in Theorem 2.3 by Ma.( Ms C R?). Then

(i) Mz C{(£1,&2) « [&P + (&P <1} (p>0),

(i) {(&1,&2) : [&1]P + [&2fP =1} € M.
Proof of Lemma 8.1. Consider an element (Y7,Y2) € Ma. Let ¢ be the conjugate
exponent to p (that is 1/p+ 1/¢g = 1), and denote

_ [Y1]* sgn(Y1) 0 |Y2|* sgn(Ya)
(IYa]oa + [Ya]a)s

1
(IY1[* + [Ya[*)a
where a = p — 1. Then |a1|? + |az|? = 1. Since
at+l=aqg=p

we have

B |§/1|a+1 + |Y'2|a+1
- 1

(V1|29 + [Ya[o9)a
by Property 1. Hence we have (i).

1
= (NP +[¥2[")r <1

(3.1) a1Y1 + azYs
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Let |&1]P + |£2]P = 1 and introduce

(3.2) ar = [§1]* sgn(&1), a2 = [€2|” sgn(&2).
Then
(33) |a1|q + |a2|q =1.

Hence by Holder’s inequality and (i)
@Y1 + axYs < |aYi| + azYa| < (|67 + [€2] )« (V1 [P + [Ya]?)7
= (&l + &) T (V[P + [YalP)» < 1.

By Property 1 there exists a sequence of time points such that for the corresponding
limit vector (Y7, Y3)

(3.5) a1y + asYs = 1.

(3.4)

Hence for such a (Y1,Y2) we have equality everywhere in (3.4). By Holder’s
inequality if we have equality in the second place in (3.4), then |a; |7 = |£1]*7 = |Y3|?
and |az]|? = |&]* = |Ya|P. Since ag = p, this implies |&1]| = V1|, [&2] = |Yal.
As we have equality in the first place of (3.4) as well, and as (3.2) implies that
sgn(&1) = sgn(a1), sgn(&2) = sgn(az), we get that & = Y7, & = Ys, proving
(ii). |

Clearly Lemma 3.1 can be proved for (Y7,Y2,Y3), where
X(3t) — X(2¢)

X
Lemma 3.2. Denote the set of the limit points of the vectors
(X(t) X(2t)— X(t) X(3t) — X(Qt))
X ox T x(®)
by M3 (M3 C R3). Then

(i) M3 C {(£1,82,&3) ¢ &P +[&P + &P <1} (p>0),

(it) {(&1,€2,83) + [&fP + [P + &P =1} € M.

Lemma 3.3. In the notation of Lemma 3.1, we have

Mz ={(61,&) : |G +[&F <1}
Proof of Lemma 3.3. Let

}/3:

l&” +1&f <1
and select a &3 satisfying
&P + & + &) = 1.

Then by Lemma 3.2 there exists a sequence of time points such that for the corre-
sponding limit point (Y7, Ya, Ys) we have

(}/1’}/%}/3) = (§17§2a€3)'

Hence
(Yl7 }/2> = (61752)7

and we have Lemma 3.3. O
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Let f € C[0,1] and define

10 =1 () a1 (5

~
N~
|
k,}
7 N
~.
a |
—
'
N~
/N
8
|
~
a |
—
N~

Ca={f": fec]},

p) _ {(f @D fep®),
where D) was defined in (2.9).

Lemma 3.3 can be reformulated as follows: The limit set of nt@) (x) s Dgp ),
Similarly we have

Lemma 3.4. For any d =1,2,... the limit set of ngd) (x) is Dl(jp).
Proof of Theorem 2.3. Clearly

sup |me(z) — D (2)| < sup  sup |melx + 5) — ().
0<z<1 0<z<10<s<]

By Property 2
limsup sup J(z) - 0P (z)| < A(1/d).

t—oo 0<z<

In order to complete the proof of Theorem 2.3 we need to show that

(3.6) Jim P = p),
But this clearly follows from Lemma C. O

4. PROOF OF THEOREM 2.4

First we prove the following

Lemma 4.1. In the notations of Theorem 2.4, let o;, i =1,...,k, be real numbers
with Zle |oi|?? =1, where 1/3+1/B3=1. Then
k . .
(Y (it) — Y ((i — 1)t
W s S 11 (,3@) (G-v0) _,
and
k . .
E (Y (it) — Y ((i — 1)t
(4.2) liminf 2=t Y0 = Y@E=D)) o

Proof of Lemma 4.1. Our proof relies on the results of Marcus and Rosen [16] (see

Theorem B above). Under our conditions & is regularly varying with index —1/73
(see [16]). Put

Zaz Y((i—1)t)).

First we show that

(4.3) h?ls;)lp G‘S(Y ) <1
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Given {Ly, i = 1,...,k}, we see that {Y (it) =Y ((¢ —=1)t) = W(Lit) =W (L¢i—1y¢), @
=1,...,k} are independent normal random variables with mean zero and variances
{Lit = L—1)t, i = 1,...,k}; hence we have

2 k
E(exp()\St)) =F <6Xp (% Z a?(Lit — L(i—l)t)))

and by (2.9) and (4.2) of [16]

k Na?
P(S, > z) < exp(—Az) HE <exp ( 5 L L )

i=1

< C* exp(—\2) ﬁ exp </$_1 <X22a?) t)

i=1 K

= C%exp (—)\z + ﬁ;n_l ( ) t)

B—1)/(2
L Ky (1 (B-1)/(28)
(s(Emleatyyie? 70 RS '

2
22

with some constant C'.
Now put z = (1 4+ ¢)G(¢) and

Using the regular variation of k at zero, we have for large enough ¢,
P(S: > (1+¢)G(t))
k
_ /1 2 2
< C*exp <—(1 +e)KgKgloglogt + (14 ¢)x™* <ﬁ> p Z |ai|2ﬁt>
i=1

< CFexp(—(1+¢)(KsKs — 2_ﬁf(§5) loglogt)
= C%exp(—(1 +¢) loglogt).
By taking t =t,, = 0", 6 > 1, it follows that

S
lim sup G(ttn) <1 as.

Ift,_1 <t<ty,, then
k
1St = Sty | =1 (Y (it) = Y(itn—1) = Y((i = 1)t) + Y ((i = D)tn_1))]
i=1
<2k max max |Y(it) — Y (itn_1)|.
ISZSk tnfl<tStn

But since (see [16])
loglogt,
Ly, — Ly, , =0 ((log logt,)k <%)> a.s.
tn —tp-1
it follows from the increment results of Csorgé and Révész [8, Theorem 1.2.1, p.30],
that

loglogt,
max max |Y(it) = Y(ith,—1)| =0 ((loglogtn)ﬁzl/2 <&>) a.s.

1<i<k tp_1<t<t, tn —tn—1
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which can be made arbitrary small compared to G(t,) by choosing 6 close to 1.
This proves (4.3).
Now we prove

. St
4.4 1 —>1 .S.
(4.4 PG < a-s

Put
k
Vi=>0}(Lit — L(i-1)t)-
=1

Then S;/ th/ % and V; are independent random variables, the first one being standard
normal. Consider the events

loglogt
A = {St > (clvtloglogt)l/Q, Vi > (1 —¢)ea(loglogt)k ( ogtog )}

with ¢ > 0 and
B/(B-1)
C1 = C2
4. — -1 = <1.
(45) +6-10(2) <

By using the lower estimation (4.10) in Marcus and Rosen [16], one can see
similarly to the proof of their Lemma 3.2 that

loglogt
p* (Vt > (1 —¢)ea(loglogt)x ( ogtog ))

k
loglogt 1 1
> Cay(z,t) exp (—)\(1 —¢)ez(loglogt)k <f> —l—;n pye t
with sufficiently small v, where P* denotes the conditional probability under Z(0) =
z,

Oyt pu(x) dv

a”(‘T’t) = log logt)
t

i(

and

1 (6)1/(5_1) <loglogt)
—=(= K :
A C2 t

By the independence of S;/ th/ % and V; we obtain

. oo\ B/(-D)
P?(Ay) > Cay(z,t) exp <— <—1 +(B-1) (FQ) ) loglogt>

2

> Cay(z,t) exp(—loglogt)
provided that (4.5) holds.
Now let € be large enough, ¢, = 0", put

k
S = ar(Y(tn) = Y (ktu1)) + Y ai(Y (itn) = Y((i = 1)tn))

=2
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and
k
Vi =0f(Ly, = Lit,_,) + > 0 (Lit, — Li-1yt,)
=2

and consider the events

loglogt,
A = {S:; > (V¥ loglogt,)Y?, V¥ > (1 — €)ea(loglogt,)k <%) } .

By using the above estimations and the argument of Marcus and Rosen [16] to
prove their lower bound, similarly to their (3.32) one can see that

Z PZtn-1)(A*) = 00 aus.
n=1

implying
P(A i0.)=1.
Upon choosing

__28 _ B
= C T (BB 1)E

we can see that

*

lim sup G(tn) >1 a.s.

Since
Y(ktn—1) = O(G(tn—1)) a.s

and this can be made arbitrary small compared to G(t,,) by choosing 6 large enough,
we have (4.4). This completes the proof of (4.1). The proof of (4.2) is similar.

Lemma 4.2. Under the conditions of Theorem 2.4

) Y (t+s)—Y(t)] 1/(25)
4.6 lim su su su =0l¢
( ) T—>oopO§t§Tp—cT OSSSPCT G(T) ( )

Proof. As Y (t) = W(L;), according to the previously mentioned increment result
in Csorgé and Révész [8, Theorem 1.2.1, p.30]

(W(Liys) = W(Lt)|

limsup sup sup

T—oo 0<t<T—cT 0<s<cT G(T>
Wu) —W(u—
< limsup sup sup [Wiw) (u =)l
T—oo 0<u<lLt 0<y<a.(T) G(T>

1/2
(ac(T) log % + log log LT>
4.7 < O(1)limsu - ,
7 < OWlnsw G(T)
ac(T)= sup (Liyer — Ly).
0<t<T—cT

From [16, Theorem 1.1 and (4.17)] we obtain
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loglogT
(4.8) Lr=0 ((log logT)k (%)) )
(4.9) ac(T) =0 (cl/BLT> .
Combining (4.6)—(4.8) gives the result of the lemma. |

Proof of Theorem 2.4. In Lemmas 4.1 and 4.2 it was proved that the process Y (¥)
possesses the two properties required by Theorem 2.3. Hence the theorem follows.

|
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